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Abstract. We prove identification of coefficients up to gauge by Cauchy data at the bound- 
ary for elliptic systems on oriented compact surfaces with boundary or domains of C. In the 
geometric setting, we fix a Riemann surface with boundary, and consider both a Dirac-type 
operator plus potential acting on sections of a Clifford bundle and a connection Laplacian 
plus potential (i.e. Schrodinger Laplacian with external Yang-Mills field) acting on sections 
of a Hermitian bundle. In either case we show that the Cauchy data determines both the 
connection and the potential up to a natural gauge transformation: conjugation by an endo- 
morphism of the bundle which is the identity at the boundary. For domains of C, we recover 
zeroth order terms up to gauge from Cauchy data at the boundary in first order elliptic 
systems. 



Introduction 

In this work, we show that the Cauchy data space at the boundary identifies the coefficients 
(up to gauge) of a certain type of first order and second order ehiptic systems on a Riemann 
surface and domains of C, generahzing the results of |H]. We show here that Cauchy data at 
the boundary of a Riemann surface determine: 

1) the 0-th order term (up to gauge invariance) in the operator D + V where D is a Dirac 
type operator and V an endomorphism on a chfford bundle, 

2) the connection V and the potential V (up to gauge) acting on a complex vector bundle in 
the Schrodinger connection Laplacian V*V + V, 

0.1. Connection Laplacians on surfaces, Schrodinger operator with external Yang- 
Mills field. Let M be a Riemann surface with boundary and tt : E ^ M he a complex vector 
bundle equipped with a Hermitian structure (•,•)_£;• We denote the space of E'- valued A;- forms 
by Q''{E) = C'^{M;A^T*M(g)E) and similarly use n'P^'}{E) to denote E valued forms of type 
(p, q). Let V be a connection on E and consider the connection Laplacian L := V*V where the 
adjoint V* is taken with respect to the Hermitian inner product. For V G L°°(M, End(ii^)), 
we define the Cauchy data space of the operator L + V hy 

(1) Cl+v := {{u,V^u)\aM em{dM,E) x H~^dM,Ey,{L + V)u = 0,u £ H\M,E)} 

where z/ is the inward normal vector field to the boundary. 

The Cauchy data space can not determine the connection V and the potential V, for there 
is a gauge invariance. Indeed, it suffices to consider the conjugation of L + y by a unitary 
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section 

F G C~(M;End(S)), F* = F-\ F\aM =ld. 

There is a natural lift of F to a unitary endomorphism in C°°{M;'End{T*M E)), still 
denoted F, defined by {Fa){X) := F{a{X)) for^all a £ C^{M;T*M®E) and X £ TM, and 
it is easy to see that the Cauchy data space oiL + V = {F'^V F)* {F-'^V F) + F~WF is the 
same as the Cauchy data space oi L + V, 

In this paper, we prove that the Cauchy data space determines V and V up to gauge. 
Before we state the result, we use the notation C'^{M) (with r > 0) for the usual r— Holder 
space on M and W'^''^{M) (with p G [liOo]) s G M) for the Sobolev space with s derivatives 
in LP{M), while H'{M) := W^'P{M). 

A connection on a vector bundle E is said to be in C (or similarly W^'^) if its (local) 
connection form is in C""(M; End(-E') <^ T*M). 

Theorem 1. Let Vi and V2 &e two Hermitian connections on a smooth Hermitian bundle 
E, of complex dimension n and let Vi, V2 be two sections of the bundle End(i?). We assume 
that Vj have the regularity C Pi W^'P{M) with 

(2) < r < s, p G (1, 00) satisfy r + s > 1, r ^ N, sp>2n + 2 

and that Vj G W^''^{M) with q > 2. Let Lj := V*Vj and assume that the Cauchy data spaces 
agree Qli+Vi = QL2+V21 ihen there exists a unitary endomorphism F G C^(M; End(£')), 
satisfying F\qm = Id, such that Vi = F~^V2-F and Vi = F~^V2F . 

Observe that Theorem [1] is a generalization of the scalar trivial bundle case in where 
F = M X C and Vj = d + iXj for Xj a real valued 1-form. For scalar trivial bundle on 
domains of C, this was first proved (with partial data measurement) by Imanuvilov-Uhlmann- 
Yamamoto \18\ [T9] . Our result is new even in the case of domains in C when the bundle is 
not a line bundle (this was known only under smallness assumption, see Li |24j ) . 

We prove Theorem [1] as a consequence of an identifiability result for Dirac-type systems. 

0.2. Dirac systems on surfaces. A Dirac vector bundle (also known as a Clifford vector 
bundle) on a Riemannian manifold (M, g) is a complex vector bundle E — > M together with 
a Clifford multiplication map, 

7 : C^{M; T*M) C^{M; End(F)), s.t. j{vh{oo) + 7(^)7(^) = -Mv, 

a Hermitian metric {■,-)e and a Hermitian connection V satisfying 

(3) {j{uj)s,t)E = -{s,j{uj)t)E, [Vw,l{^)] = 7(Vt4'w) 

for every oj G C'^{M;T*M), s,t e C°°{M,E), and W G C°°{M;TM). In dimension 2, there 
is a chirality operator defined by 

H := ij{e^)j{e^) 

where {6^,9'^) is any local orthonormal basis of T*M. One easily checks that H does not 
depend on the choice of {9^, 9"^) and therefore it can be defined globally on the surface. Since 
= Id, it determines a splitting of E, 

E = E+®E-, 
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the connection preserves this sphtting and Chfford multiphcation reverses it. The Dirac-type 
operator associated to this data is the composition 

(4) D : H\M;E) ^ L'^{M;T* M (S) E) ^ L^[M;E). 

It is self-adjoint with respect to (•, ■)e-: and odd with respect to the sphtting of E. As above, 
if y G W^'P{M, End(i?)), we can define the Cauchy data space oi D + V hy 

Qd+v ■■= {u\dM G Hh{dM,E); {D + V)u = 0,ue H\M,E)}. 
We then prove the fohowing theorem: 

Theorem 2. Let (E, (•, •), 7, Vj), j = 1,2 be two Dirac bundles on a Riemann surface M with 
boundary. We assume the bundle and 7 are smooth, while Vj is H 1^'^'^ with s,p,r as in 
([2]). Let Vi, V2 be W^''^ sections ofEnd{E), with q > 2. Suppose that the Cauchy data spaces 
C^i+Vi o-nd QD2+V2 coincide, then there exist bundle-morphisms ^j'if : E ^ E, preserving 
the splitting E = E-^ ® E' , with = $ = Id on dM and such that (^{Di + Vi)'^ = D2 + V2. 

As we shah prove, this theorem actuahy follows from the particular case: 

Proposition 3. Let C" := M x C" and S := C" (C" (g) {T^^^M)*). Consider the operators 

D + Vj, j = 1,2, defined by D := ^ j , Vj = i ^ ) ' ^'^^^^^ sections of E, with 

A,B e iyi'«(M), q> 2, andQ^ G C"'nM^'''P(M) such thatr,s,p satisfies the condition ([2:2]) . 
// the Cauchy data spaces Qd+Vi o.i^'d Cd+V2 cigi^ce, then there exist bundle isomorphisms 
F,G o/C" such that F\qm = G\qm = Id and, as operators. 



The proof of this identification result is based on previous work [11] of the second and third 
authors, itself based on a new idea of Bughkeim [Tj, and the construction of holomorphic 
phases on Riemann surfaces in [9]. 

0.3. Systems in domains of C. For domains of C, our proof shows the identification up 
to gauge of zeroth order terms V by Cauchy data for any elliptic (m + n) x (m + n) systems 
of the form 

%)(;)-'> 

where d acts on each component of C" valued functions u by dz and d acts on each com- 
ponent of C" valued functions v hy dz, and Q^,A,B are matrix valued functions satisfying 
similar asumptions as in Proposition [31 We refer to Theorem 14 . 1 1 b elow for a precise statement. 



0.4. State of the art in two dimensions. Let us recall some known results about Calderon 
inverse type problem in dimension 2 (we do not discuss here references of higher dimensional 
results). 

For inverse problems on domains in C, Nachman [26j proved that the Cauchy data space 
determines a C^-conductivity (with a reconstruction method). Before that, Sylvester |30j 
showed how to reduce the problem for anisotropic conductivities to isotropic conductivities. 

Brown and Uhlmann ^ used the d factorization of Beals-Coifman [3j for solving the iden- 
tification result for the isotropic conductivity with regularity W^''^ for p > 2. The most 
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general result in terms of regularity is for L°°-conductivity by Astala-Paivarinta [Ij (and [2] 
for anisotropic case), using quasiconformal methods. The identification of an L°°-potential 
in the Schrodinger operator in a domain of C was proved recently by Bukhgeim [Ij, after the 
problem had been open for more than 20 years. This was then extended with only partial 
data measurements for domains in C by Imanuvilov-Uhlmann-Yamamoto [T7j. For magnetic 
Schrodinger operators, Kang-Uhlmann [21J showed identification of a magnetic field (up to 
gauge) and a potential in a simply connected domain under smallness assumption in 
norm of the potential. For general elliptic second operators on domains in C, and with only 
partial data measurements, the identification was shown by Imanuvilov-Uhlmann-Yamamoto 
|18 1I191 [20]. while identification for partial data with disjoints measurements for Dirichlet and 
Neumann data has been proved by the same authors in [20j . 




For what concerns elliptic systems, Novikov-Santacesaria [28] considered recently A + V 

acting on vector valued functions on a domain of C, with V a metric potential, they show 
identification of V from Cauchy data space. Li [24) proved identifiability up to gauge for 
Yang-Mills Schrodinger system under smallness assumption on the coefficients. 

In the geometric case, the determination of the conformal class of a metric g from the 
Cauchy data space of on a Riemann surface with boundary was first shown by Lassas- 
Uhlmann [23j, followed by Belishev [4J and Henkin- Michel [12J (with a reconstruction pro- 
cedure). The identification of an isotropic conductivity on a Riemann surface was shown 
by Henkin-Michel [l^ with reconstruction; it was extended by Henkin-Santacesaria |15] to 
anisotropic conductivities for surfaces embedded in M^. Guillarmou-Tzou [U [10] show iden- 
tification of a C^'"-potential in the Schrodinger potential on a fixed Riemann surface (with 
only partial measurement), generalizing the result of [17] to Riemann surfaces. In it is 
proved that one can determine a connection (up to gauge) and a potential in the connection 
Laplacian with potential on a complex line bundle (from the full Cauchy data space). 

The paper is organized as follows: we first prove that a Dirac type system on a Riemann 
surface with boundary can be reduced to a B, B* type system on the trivial bundle M x C^". 
Then we prove Theorem [2] by using the Complex Geometric Optics method (also called 
Faddeev exponential solutions) developed by Bughkeim [7| for domains in C, and extended 
by [H] to Riemann surfaces. Finally we show that the inverse problem for the connection 
Laplacian of Theorem [T] can be reduced to Theorem [21 



In this section, we show that any system of Dirac type {D + V)u = on a Dirac vector 
bundle can be reduced to a B, B* system. We will work with holomorphic structures of low 
regularity following [16j . 

If 23 is a regularity space (such as a Sobolev space or a Holder space), a holomorphic 
structure with regularity S on a smooth complex vector bundle E of rank n over a Riemann 
surface M with boundary is an atlas of local trivializations hi : E\ij. Ui x C", i £ I, with 
regularity 23 such that the transition functions hij : Ui D Uj — )• GL{N,C) are holomorphic 
with respect to the holomorphic structure on M. A holomorphic section s :[/—)• is a 
section such that hi o s is holomorphic as a map from U to C"'. 





1. Dirac operators and d operators 
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Following Hill and Taylor |16] . we will usually ask that our holomorphic structures have 
regularity C"""*"^ n W'^'^^'^ where 

(1.1) < r < s, p G (l,oo) satisfy r + s > 1, r ^ N, sp>2n + 2. 

A holomorphic vector bundle over a surface with boundary is holomorphically trivial. This 
is shown for instance in Forster [51 Th 30.1 and Th 30.4] for smooth holomorphic structures, 
and with small modification yields: 

Proposition 1.1. Let E ^ M he a holomorphic vector bundle of rank n with regularity 
C n W^'^ over a compact Riemann surface M with non-empty boundary, where r,s,p are 
as in p.ip . Then E is holomorphically trivial in the sense that there exist n holomorphic 
sections /i, . . . , /„ G 6""+-^ Pi W^*+^'P(M, E) such that at every point x € M, fi{x),. . . , fn{x) 
are linearly independent in the fiber Ex- 

Closely associated to a holomorphic structure on a complex vector bundle E — t- M is a 
Cauchy-Riemann type operator. We say that a first order differential operator 

P : H^{M; E) — > L^{M; {T^'^Mf ® E) 

is a CR operator if it satisfies 

PUO = fP{0 + {df% for every / G C°°(M), ^ G C~(M, E). 

A CR operator P can be extended to forms and satisfies = since on surfaces there are 
no (0, 2)-forms. If a Hermitian product is given on E, a CR operator P is induced by (and 
induces) a unique Hermitian connection V in the sense that 

Pi = (V0°'' 

and we will denote this operator by . We say that a holomorphic structure on E is com- 
patible with a CR operator if the holomorphic sections of E are in ker 5^. 

Given a regularity space 23, we say that d"^ is a Cauchy-Riemann operator of class 23 if 
there is a holomorphic atlas on M in which can be written locally as 

= d + A 

with A G 'B(M,End(E) ® {T^^^M)*). 

Lemma 1.2. Let E ^ M be a smooth complex vector bundle of rank n and let r,s,p be as in 
(jl.ip . There is a (7^+^ n VI^^+^'P holomorphic structure on E if and only if E can be equipped 
with a CR operator P of class C n W^'P. 

Proof. Given a C"""*"^ H W^~^^'P holomorphic structure on E, let 

F =(/!,...,/„) :ii;^MxC" 

where /i , . . . , are the holomorphic sections from Proposition II. li Then F is a bundle 
isomorphism of class C^~^^ n W^~^^'P. If d is the standard Cauchy-Riemann operator on the 
trivial bundle M x C" induced by the B operator on C°°(M), then P = FdF~^ is a CR 
operator on E of class C" H W^''^ compatible with the holomorphic structure on E. 

Conversely, given P a CR operator of class n W^'^, we can find a holomorphic structure 
on E following the proof of Kobayashi [22l Ch. 1, Prop 3.7]. This proof is in the smooth 
category, but we can modify it slightly to have it in the range of regularity assumed above, 
by using a low regularity version of the famous Newlander-Nirenberg integrability result [27] 
due to Hill- Taylor [16j. To construct the holomorphic local trivializations, Kobayashi defines 



6 



PIERRE ALBIN, COLIN GUILLARMOU, LEO TZOU, AND GUNTHER UHLMANN 



an almost-complex structure J on E which is integrable, and with J having the regularity of 
A when we write the Cauchy-Riemann operator as 5 + A in a smooth trivialization M x C" of 
E. Consider the same J as Kobayashi (in the proof of Prop 3.7 of [22]), it is H W^'^ since 
A € n W^'^ by assumption and J is formally integrable by the argument of Kobayashi 
(which just comes from = 0). We can then use the main result of Hill- Taylor [TB] which 
says that an integrable complex structure J which is C^' D W^'^ on a complex manifold of 
dimension n + 1 induces local holomorphic trivializations of E of class C^~^^ Ci T^^+^'P with 
the s,r,p satisfying the conditions above. □ 

We now show that on a surface with boundary, any Dirac-type operator Q on a holomor- 
phic vector bundle is induced by a CR-operator. 

Lemma 1.3. Let (E, {■, •),7, V) be a Dirac vector bundle of complex rank 2n over a smooth 
Riemann surface M with boundary, and assume that V and 7 have the regularity C Pi W^'^ 
with r,s,p satisfying Let D be the associated Dirac operator. Then there exists a 

complex subbundle Eq of E of complex rank n and a bundle isomorphism 

B:E^Eo®{Eo^ (T^^'^^M)*) 

such that 

BDB-^ = V2(a^ + {d^Y) 
where is the CR operator associated with the Hermitian connection V on E. 

Proof. Endow E with the holomorphic structure induced by the Hermitian connection V 
through its , this is a C^~^^ n W^'^'^^'P holomorphic structure. Both T^'^M and E are trivial 
holomorphic bundles by Proposition ll.il 

Choose (pointwise orthonormal) sections Z £ C°^{M;T^'° M), Z £ C'^{M;T^'^ M) and let 
S, T be real sections in C°°{M]TM) such that T = JS, where J G End(TM) is the complex 
structure on TM, and 

Z = US + iT) 

(note that IS"! = \T\ = \/2)- After extending 7 to be C-linear and defining S*,T* the dual 
basis to S,T and Z* := S* + iT* , Z* := S* — iT* we can write the Dirac-type operator as 

D = -f{S*)Vs + 7(r*)VT = 7(^*)Vz + l{Z*)Vz 

Notice that 

(1.2) 7(Z*)2 = 7(Z*)2 = and j{Z*)j{Z*) + j{Z*)-f{Z*) = -2, 

and hence the image of 'y{Z*) is equal to its null space, and 'y{Z*) establishes an isomorphism 
between the image of 'y{Z*) and its orthogonal complement (recall that 7(Z*)* = —j{Z*) by 
([3])). That is, we have 

E = Eq® -f{Z*)Eo, with Eo = -f{Z*)E. 

The bundle Eq is a complex subbundle of rank n of E, and is trivial on M. We can then 
define 

B:E = Eoe 7iZ*)Eo ^ Eq e ((T^'^M)* ® Eq), 
V + -f{Z*)w + V2vZ* 

and from (|1.2p we see that 

B(7(Z*)-) = V2c(Z*)5(-), B{jiZ*y) = -V2iiZ*)Bi-) 
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where e denotes the exterior product and i denotes the interior product. Since we also have 
[251 Remark C.1.3] (B^)* = -i*d^ = -\{Z*)Vz, this allows us to identify 

B{D-) = V2[Z* ^Vz- '<Z*)Vz) B{-) = ^2 (9^ + (5^)*) B{-). 
as required. □ 

It will be useful to recall the Lichnerowicz formula of Bochner-Kodaira for the Dirac-type 
operator associated to the CR-operator, y/2{d^ + (9^)*), namely [SJ Proposition 3.71] 

where F^°®^* is the twisting curvature of the connection, which here reduces to the curvature 
2-form, ^\*(TO,iM)*®EQ- The latter equality holds as we are working on a surface, which also 
means that 

Since S — )• M is holomorphically trivial, Proposition 11.11 gives us a bundle isomorphism 
F = {fi,... ,f2n) ■■ E ^ M X C^" such that Fd^ = dF. Taking adjoints, 

{d^)*F* = F*{d)*, 

and hence the Bochner-Kodaira formula yields 

(1.3) V*V = -n = -F*{d)*iF*)-^F-^dF - n 

over Eq and a similar formula over [T^'^M]* Eq. This factorization formula will be useful 
for our considerations below. 

2. Identification for Dirac systems 

In this section we will prove Theorem [2) the Cauchy data of a Dirac operator plus potential 
on a surface with boundary identifies the operator up to a unitary endomorphism equal to 
the identity at the boundary. 

In the previous section, the bundle Eq is a complex subbundle of rank n on M, it is then 
trivial and can be identified with C" := M x C". Moreover, by Lemma 11.31 we may assume 
that the Dirac bundle is a 9 system on a trivial C^" bundle, so in this section we will study 
operators of the form 

(2.1) " + V:=(° rV^''' ^" 



d J ' \ A Q- 

acting as a bounded operator from H^{M, E) to ^^(M, E) where E := e{C"- (T'^'^M)*), 

A, A' eCn W''P{M, End(C") (T'^'^M)*), with r, s,p as in (fTTD . 

^^■^^ and G M/^'«(M), q > 2. 

Notice that by Sobolev embedding, G L°°{M). 

First consider the case where A = A' = 0, so that we want to determine from the 
Cauchy data. The proof of [11', Lemma 7.4] applies verbatim to a matrix valued potential and 
shows that 

(2.3) Q^ldAi determined by Cd+v', 
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in ^2.21 we will show that in fact Qd+v determines on all of M. We do this, following the 
arguments in [7] and by showing that for a dense set of points z G M one can find a 
solution of 'complex geometric optics' (or CGO) type that determines the potential at that 
point. These solutions are constructed in ^2.11 and then in ^2.31 we show that we can reduce 
the general case to the case A = A' = Q. 

2.1. Solutions from complex geometric optics. In this section, we use the method of 
based on the work of Bughkeim [7j to construct elements in the null space oi D + V 
of CGO-type (where V is as in (|2.2p with A = A' = Q). These solutions will have Morse 
holomorphic or anti-holomorphic phases, so we start by recalling the following Proposition, 
proved in O Prop 2.1]: 

Proposition 2.1. On a Riemann surface with boundary, there exists a dense set of points p 
in M such that there exists a holomorphic function <I> which is Morse, i.e. has only zeros 
of order 1, and with a critical point at p. 

Let $ be a holomorphic Morse function and h > a small parameter. For certain choices 

of 

(2.4) a G C7°°(M;C"), da = 0, 6 G C°°(M; To^^M C"), d*b = 

we will show that one can find r^, s^ with small norms as /i — t- so that 

'e^/'^ia + rtT 



^''-\e^l\b + sn, 

is in the null space oi D + V. 

Since 9$ = and 5*<I> = 0, solving {D + V)Uh = ^ for r/^, Sh is equivalent to 

'a + rh\ ( 0^ 



b + Sh \0 



where ^ := Im(<I>) and 



e 



" V e-H ^ V e^l^) - \ e-^g- 

and hence to 

(2.5) <« + ^*'G)="''*C, 

Next we make use of a right inverse for D as constructed in Proposition 2.1 and Lemma 
2.1 of the paper [llj. 

Proposition 2.2. There exists an operator D^^ : L'^{M,E) — )• W^''^{M, E), bounded for all 
q G (l,oo), such that DD~^ = Id. 

Proof. The proof in [llj is written for the case of a line bundle, i.e. n = 1, but since here the 
bundle is the trivial bundle, the operator D splits as a direct sum of operators on complex 
line bundles and the proof is then contained in [llj. The operator is of the form 

(2 6) D-'-( ° 

for some operators d^^ and ((9*)~^ inverting on the right the operators d and ((9*)^^ on an 
open manifold M which contains M, £ is an extension operator extending W^''^{M) sections 
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on M to compactly supported sections in W^''^{M) (for k G {0,1}, q G [l,oo]) and IR is a 
restriction operator, restricting sections in L'^{M) to sections in L''{M), see Section 2 of 
for more details (where the notation for M C M was Mq C M). □ 

Let ■0 be a real valued smooth Morse function on M and let 

:= OlB'^e'^e., (a;)-i := Ol{d*y^e^''^/^E. 

with notation as in (|2.6p . From Lemma 2.2 and 2.3], we have following estimates 

Lemma 2.3. For any q > 2, there exists s > and C > such that for all uj € W^'''{M,C^), 
uj' £ l^i'3(M,C" (g) (rO'^M)*), andh>0 small 

\\{d;)-^Lo\\L2 < C7/i^+^||a;||v^i,„ ||9^'w'||l2 < C/i^+^||a;'||vKi,.. 

Also, forv £ W^''i{M,C^) andv' G ^^^'^(M, C"(^ (TO'^M)*) satisfying v\qm = andv'\dM = 
0, we have 

\\e{d-^)*'JC{e-'^''^l^v)\\L2 < Chh+'\\v\\w^,,, 
||£*((a*)-^)*3?*(e-2^^/V)||i2 <Ch^+'\\v'\\wi,-i 



Notice that, with 



D-^-( y , 



we have D ^V^ = D^^V. Hence applying D ^ to both sides of (|2.5p yields 
and hence 

.,o^ / r'. + 9^^(Q-..) = -a^HQ-^) 

^ ^ ^ I + (5;)-HQ+rO = -{d;)-HQ^a) 

Next we specialize to a = and find that satisfies 

(2.9) (I - Sh)rh = -d^HQ-b) with 5;, := d;^'Q-d;-'Q+ . 

where Q^,Q^ are viewed as multiplication operators. Similarly to Lemma 3.1 in [llj, we 
have the following consequence of Lemma 12. 3t 

Lemma 2.4. Letq>2 and assume thatQ+ G L°^(M, End(C")) andQ' G Tyi''?(M, End(C")), 
then Sh is bounded on U{M) for any 1 < r < q and satisfies \\Sh\\L^^L'- = 0{h^^'') if r > 2 
and ||5'/i||^2_^^2 = 0(/i^/^^^) for any < e < 1/2 small. 

Using Lemma 12.41 equation (j2.9p can be solved, for small enough h, through a Neumann 
series 

oo 

(2.10) r,,:=_Y,Sid^'Q-b 

j=0 

which defines an element of L'^{M) for any q > 2. Substituting this expression for rh into 
equation (|2.8p when a = 0, we get that 

(2.11) Sh = -{d;)-'Q+rh. 
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But using Lemma [23] and [23] for Sh and r/j, we deduce that if € L°°(M, End(C"')) and 
Q~ G M^-'^''^(M, End(C")) for some q > 2, then there exists e > such that 



\\sh\\L'2{Mo) + \\fh\\L2(Mo) = ^(h^ 

Similarly, if one assumes that Q- G L°°(M, End(C")) and Q+ G VF1'«(M, End(C")) for 
some q > 2, then one can solve the system (|2.8|) . with 6 = 0, for any holomorphic a. In 
summary: 

Proposition 2.1. Let ^ = (j) + iip he a Morse holomorphic function on M , and b an anti- 
holomorphic section o/C"«)A°'i(M). //Q+ G L°°(M, End(C")) andQ' G ^^^'^(M, End(C")) 
/or some q > 2, there exist solutions to {D + V)Fh = on M of the form 



(2.12) 



where Hs/iIIl^ + Ik/iIlL^ = 0(/i2+^) for some e > 0. 

// insieatf Q~ G L°^(M, End(C'')) ant/ Q+ G W^i'«(M, End(C'")) /or some g > 2, then for 
any holomorphic section o/C", a, t/iere ea;is^ solutions to {D + F)Gh = on M of the form 



(2.13) G 



e*/'^(a + r/i) 



where ||s/i||^2 + ||r/i||^2 = 0(/i2+^) /or some e > 0. 

Note that for arbitrary {a,b) satisfying ()2.4p . one can just add the solutions for (a, 0) and 
(0,6). 

2.2. Identifying the potential. As explained above, the CGO-type elements in the null 
space of -D + y with V a diagonal potential, suffice to identify the potential on all of M. 

/O d*\ 

Proposition 2.2. Let D = Ip^ q j , let Vi, V2 be two sections ofEnd{E) with A = A' = 



when written in the form ()2.ip , and satisfying the regularity assumption ()2.2p . // the Cauchy 
data spaces Cd+Vi '^'^^ ^D+V2 agree, then Vi = V2 on all of M. 

Proof. Given the construction of CGO-type solutions above, the proof now follows that of |1H 
Thm. 3.3] (and hence also the argument of Bughkeim [7]), we repeat the main arguments for 
the reader's convenience. Let $ be a Morse holomorphic function with a critical point at zq. 
The existence of such a function for a dense set of points zq of Mq is insured by Proposition 
12.11 For any 61, 62 anti-holomorphic sections of C" (8> (T^'^M)*, we can find 

solutions of {D + Vi)Fl = and {D + V^)Fl = as in (I2.12p . where r^, s;^^ are constructed 
in Proposition 12.11 

Since Qd+Vi = Cd+V2) there exists an Fh satisfying 



{D + V2)Fh = and i^^Fh = i^M^l ■ 
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In particular, {D + V2){Fl - Fh) = {V2 - Vi)Fl and i*QM{Ph - ^h) = 0. We use Green's 
formula and the vanishing of Fj^ — F^ on the boundary to get 

(2.14) 0= / {{D + V2)[Fl-Fh).Fl)= [ {{V2 - V,) F^ , F^) . 

JM JM 

where (•, •) denotes the Hermitian scalar product on E. If we denote — Qf by Q^, we can 
rewrite this as 

(2.15) = j^^e-^'i{{Q-hiM) + {Q-bi,sl) + {Q'slb2) + {Q- si si)) + e'^'t {Q+rlrD . 
By Proposition 12.11 we always have 

(2.16) / e-'^t{Q-slsl)+e'^t{Q+rlrl) = 0{h'+n 
JM 

for some e > 0. Next we choose 61 = 9ej and 62 = ^efcj where 9 is an anti-holomorphic 1-form 
which vanishes at all critical points of <I> in M except at the critical point S M of $ (and 
Cj, Cfc denote vectors in the canonical basis of C"). The existence of 9 is guaranteed by the 
Riemann-Roch theorem (see Lemma 4.1 in ^). We observe by using stationary phase that, 
as /i — )• 0, 

(2.17) / 6-2*^^/^(^-61, 62) = C,,/ie-2^^(^«)/^(g-(zo)e„e,)|^(zo)P + o(/i) 

JM 

for some constant C^g 7^ 0. To show this, one can decompose the integral, using a smooth 
cutoff function, near zq and far from zq. The part localized near zq is simply obtained by 
stationary phase while the other part is o{h), as can be seen by integrating by parts once 
(using dzG^'^f^^ = ie^'^^'^{dztp)/h) to gain an h factor and then applying Riemann-Lebesgue to 
show that the remaining oscillating integral goes to as /i — )• 0. There are no boundary terms 
in the integration by parts since, by ()2.3p . Q~\dM = 0. 

Let us now consider the term with in (|2.15p : using ()2.1ip we can write this as 

f (^e-^i^/''Q-h,sl) = f e-^'^/''{e*{d*-'^yOl*e-^''f'/''Q~bi,Q+rl). 

JM JM 

Since Q-\dM = 0, we may use ^ to deduce that \\t*{d*-^)*'3i*e'^^^/^Q-bi\\L2 = 0{h}l^+^) 
and thus combining with Proposition 12. H we find that 

/ {^''i'/''Q-hi,sl) = 0{h^+'). 

JM 

the same argument shows that the term involving {Q~s\,b) in ()2.15p is 0{h^^^). These 
last two estimates combined with ()2.17p and ()2.16p imply that Qi{zo) = (^^(zo) by letting 
/i — )• 0. The same proof using the complex geometric optics solution Gh of Proposition 12.11 
gives Qf{zo) = Qtizo)- □ 

2.3. Reduction to the diagonal case. Proposition 12.21 is the result we wanted when the 
potential is diagonal. We now show that one can always reduce to the diagonal case, and 
thereby establish the full result. 

We first rewrite the operator D + V as follows 

D + V=(-' (d + Ar\^(Q^ 0\ 
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The operators Ba '■= B + A and Ba' '■= B + A' are CR operators on the trivial bundle 
= M X C" over M, so by Lemma 11.21 thev induce holomorphic structures on C*^ and by 
Proposition 11.11 there are holomorphic trivializations Fa, Fa' G C^+^ fl ^^-'^"'"'^'^(M, End(C")) 
such that 

(2.18) F2^BFa = Ba, F^}BFa>=Ba'. 

From the factorization 



(2.19) D + V 



FX, 
F 



-1 

A 





B*\ 


[a 





■(Fl,)-W/ 

' FaQ-fx, 



Fa 

{Fi,y 



we see that the Cauchy data space oi D + V \s determined by the Cauchy data space oi D + V 
and the boundary values of Fa, Fa', where 



V 



{FX,)-^Q+F^' 

FaQ-f\, 



(Under assumption ([22]), one has V G ^^^•''(M, End(C")) for q > 2.) We will show that, 
when the Cauchy data space of two Dirac-type operators coincide, it is possible to choose 
these isomorphisms consistently at the boundary. 

Proposition 2.5. Let Ai, Qf satisfy the regularity assumption ()2.2p . for i = 1,2. // 

Q+ {B + A'^y\ ,f Qt {B + A'^y\ , r u A , , f^A, ,u 

^ . ana \ . have the same Cauchy data at oM, then 

d + Ai Qi J ^ ^2 7 ^ ^ ^ 

there exist bundle isomorphisms Fa^ , Fa'^ and Fa2 , Fa'^ as in (|2.18p such that Fa^ = Fa2 on 
BM and Fa'^ = Fa'^ on BM. 

Proof. Let Fa-^ , Fa'^ and Fa2 , Fa'^ be as in (j2.18p , we will show that one can modify Fa'^ and 
Fa'^ to satisfy the requirements of the proposition. 

Our main tools will be the CGO-type solutions from ^2.11 and the following orthogonality 
condition for a function on BM to extend holomorphically into the interior. The condition 
was derived in [IT] and essentially is a basic computation using the Hodge decomposition. 
We refer the reader to Lemma 4.1 of [11] for a detailed proof. 

Lemma 2.6. A complex valued function f G H^/'^{BM) is the restriction of a holomorphic 
function if and only if 

/ f^*dMV = 
JdM 

for all 1-forms r/ G C°°(M; (T^'^M)*) satisfying Br] = 0. 

Notice that, since B : H'^{M) L^{M; (T^'^M)*) is surjective, the forms rj in the lemma 
can be replaced by B9 with 9 a harmonic function. 

Let $ be a holomorphic Morse function and let a and b satisfy (j2.4p . applying Proposition 
l2.1l to the system D + Vi, we can find Uj^ of the form 

i_ /e*/^(a + ri; 
'^"V e^/'^isi) 

such that {D+Vi)Ul = 0. From (1X1^1) it follows that 

■,_(e''/'^_FX'i^ + rl? 



h 
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satisfies {D + Vi)Ul = 0. 

Similarly, using the holomorphic Morse function — and b satisfying (j2.4p . we can find a 
solution to 

E^l ^VnAf) = 0> of the form = { C'^'^'^^'^l ) 

Note that is in the null space of [D + V2)* ■ Using the equality of the Cauchy data for 
D -\-V\ and D + V2, we can find an element in the null space of D + V2 whose boundary 
data agrees with that of C/^. Hence we obtain no boundary terms when we apply Green's 
formula to see 

/ {iD + V2)UlUl)= [ {{D + V2)iUl-Vh)M)=^- 

JM JM 

Applying the remainder estimates from Proposition 12.11 we find that, as /i — )• 0, 

° - Jj^ + ^'^^ - Jj^^ - ^'^^ - L ( it : t I : f) ^^^> 

= / {{A2-A^)F^l{a + ri),Fl^{h + sl)) + o{l) 

JM 

= [ (Fa,(^2-Ai)FI>,6) + o(1) 
Jm 

and hence 

/ {FA,{A2-Ai)Fxla,b)=0 

JM 

for all a and b as above. Using the relations BFa^ = Fa^Aj, this integral becomes 
0= / {d{FA,FX^a),b) = [ i*9,,{FA,FX^a,b). 

JM JdM 

We are free to choose the holomorphic section a and the antiholomorphic 1-form b. Denoting 
(ei, . . . , e„) the canonical (holomorphic) basis of C", we choose a = Ck and b = d{9ej) where 
^ is a harmonic function BdO = 0. Then if we denote by (Faj-^a/)^,*: the (j, A:) component of 
the matrix i*Qj^FA2F^^ , we have, by Lemma [521 that each component of the endomorphism 

extends holomorphically into M and we see that ig^FA2F^^ admits a holomorphic extension 
F. 

This function F is invertible. Indeed, switching the indices 1 and 2, we find a holomorphic 
extension function with boundary value Iqj^FaiF^K The composition of these functions is 
holomorphic and equal to the identity on dM, hence on all of M. 

Notice that the endomorphisms Fai = Fai, Fa2 = F~^Fa2 satisfy the requirements of 
Proposition 12.51 since 

FA2\dM = {F~'^FA2)\dM = FAx\dM = FA^\dM ■ 

Using similar arguments, we can find a holomorphic extension F' of Fa' Fz} from the bound- 
ary of M, and then Fa'^ = Fa'^, Fa'^ = {F')~''^Fai^ will satisfy the requirements of Proposition 



2.51 thus completing the proof. □ 
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To summarize, by Proposition 12.51 we are able to conjugate the operator D + Vj into the 
operator D + Vj where Vj has block structure with only diagonal entries. Furthermore, since 
Fa-^ = and F^'^ = F^'^ along the boundary, we have that S£)_,_y^ = ^d+V2' 
apply Proposition 12.21 to D + Vj and prove 

Theorem 2.7. Let Vi,V2 be two sections of Fiud^E) satisfying the regularity assumption 
()2.2p . and D := 1^ ^ j . If the Cauchy data spaces S/5+V1 ^^'^ ^D+V2 o,gree, then there 
exist bundle isomorphisms F,G of such that FIqm = G\dM = Id and, as operators, 

The proof of Theorem [2] is an immediate consequence of Theorem 12.71 and Lemma 11.31 

3. The second order case 

In this section, we use the result for Dirac-type systems to establish Theorem (T) The 
Cauchy data of a connection Laplacian plus potential on a surface with boundary determines 
the connection and the potential up to a gauge transformation equal to the identity at the 
boundary. 

The connection between the second order system and the Dirac-type system is through the 
Bochner-Kodaria formula (|1.3p . Indeed, this formula shows that 

u e C°°(M; E) satisfies (V*V + W)u = 

is equivalent to 

(n,a^n)eC-(M;i?e (To*! satisfies (^+7^ ^-M^) = (o) " 

Using the following proposition, we can readily apply the results above if we define A by 
d^ = d + A, and let 

'n + W (d + A)* 
d + A -Id 



D + V 



Proposition 3.1. The Cauchy data space o/V*V + VF determines the Cauchy data space of 
D + V. 

Proof. Replacing E with a trivial C" bundle, we can write the connection as V = c? + X for 
some one-form X. The boundary determination result of |1H Prop. 4.1] extends to show that 
the Cauchy data of V*V -|- W determines both X\qm and VF|aM- 

Suppose that Li = V^Vi + Wi and L2 = V2V2 + W2 have the same Cauchy data, and 
define D + Vi and D + V2 as above. Let (") satisfy {D + Vi){l) = Q so that u is in the 
null space of Li and v = {d + Ai)u. By assumption there is an element w in the null space of 
V2V2 + W2 such that 

w\dM = u\qm, y2il^)w\dM = Vi{u)u\oM 

where u represents a normal vector to the boundary. We will be done if we show that the 
element {(^Q_^_^^-^^) which is in the null space of {D + V2) has the same boundary values as (") . 
However we already know that V2w\dM = ViujaM since the connection one-form restricted 
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to the boundary is determined by the Cauchy space of Lj and the normal derivatives coincide 
by assumption, and hence 

{B + A2)w\qm = (V2w)^'°|aM = (Vin)^'°|aM = v\dM 

as required. □ 

Thus if Ci,^ = 6^2, we know from Theorem [2] that there exist bundle isomorphisms F and 
G, equal to the identity at the boundary, such that 
(3.1) 

fni + Wi A\ \ ^(G \ (n2 + W2 A*2 \ (F \ / Gd*G-^\ 
\ Ai -Id) yo \ M -Idy VO G-^)^\F-^dF J' 

We underline the fact that the adjoints A*^ are adjoints of Aj considered as maps from E to 

E (g) (r(°'^)M)*, where E is equipped with Hermitian products (•, ■)e and E ® (T(°'^)M)* is 
equipped with the Hermitian product 

(Ul (g) Vi,U2 (g V2) ■■= ■^{ui,U2)e * {Vi AV2)- 
ll 

where * is the Hodge star operator. The matrix valued form Aj can be written Aj Uj 
for some Uj G A'''^(M) and Aj G End(i?), we define the adjoint of Aj as an element of 
End(£;) ® (T°'^M)* to be A^ := A*j®Wj ^ End(^) ® {T^^^M)* where A* is simply the 
adjoint of Aj with respect to (•, ■)e- Thus, one has A* = i * A*^ A. Denoting Vj = d + Xj, 
the fact that Vj is a Hermitian connection implies that Xj = Aj — A*^ . Now, ()3.ip implies 
that 

(3.2) F = G-\ Ai = F-^A2F + F-^dF, Al = GA*2G-^ + Gd*G-\ 

Therefore, using also that d* = —i* d, we deduce 

F-^X2F = F-\A2 - Al^)F = Ai- Al^ - F'^dF - F'^dF = Xi - F'^dF. 

This shows that F'^Q2F = 0,i since Q,j is the curvature of Vj, but using again ()3.ip one also 
get F-^W2F = Wi. By ([321), we also obtain 

BF-^ + {AiF-^ - F-^A2) = 0, Be* + {AiF* - FM2) = 

with F^^\qm = F*\qm = Id, and thus by uniqueness of the solution of the elliptic boundary 
value problem 

BH + AiH - HA2 = 0, H\qm = Id 
we deduce F^^ = F*. We thus have proved 

Theorem 3.1. // the two operators Li,L2 have same Cauchy data space, then there exists 
a unitary bundle isomorphism F : E E such that FViF^^ = V2, FWiF~^ = W2 and 
F\qm = Id. 

4. Systems in domains of C 

In our subsequent applications we will need to consider d-type systems where the leading 
symbols are not self-adjoint operators. We consider in this section such first order systems in 
a domain Q C C. Let D be the operator acting on H^{Q, C™" ® C"), by 
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where dz := dx — idy and := dx + idy in the z = x + iy complex coordinate on ft. We 
consider a potential V G End(C'" © C") satisfying V = ( g_ ^ j with 

Q+ g Af„^„(C)), Q+ e Tyi'^(J];M„xn(C)), g > 2 

^ G c"^ n M„xm(C)), G c^'' n W'^p'in; M„xn(C)), 

with < r < s, p € (1, oo) satisfy r + s > 1, r ^ N, sp > 2m + 2 

and < r' < s', p G (1, oo) satisfy r' + s' > 1, / ^ N, sV > 2n + 2 

where Mmxn(C) denote the set of complex valued m x n matrices. We define the Cauchy 
data of the D + V system by 

The proofs of Proposition 12.51 and Proposition 12.21 easily extend to cover this situation: 

/A- 

Theorem 4.1. Let Vj = \^q- j^ J matrix valued potentials satisfying regularity condi- 
tions in d^. If Q£)^Y^ = C/j+Va, then there exists invertible matrices Fj G C"^(il, End(C'")) 
and Gj G (7^(1], End(C")) such that Fi = F2, Gi = G2 on dU and 

dF,=F,A„ dG,=G,Bj. 
Furthermore, Qf = FQ^G^"*^ and = GQ2 F^^ where 

F := F^ ^F2, G = G^ ^G2- 
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